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The mean and variance of the acoustic field forward propagated through a stratified ocean
waveguide containing three-dimensional �3-D� random internal waves is modeled using an analytic
normal mode formulation. The formulation accounts for the accumulated effects of multiple forward
scattering. These lead to redistribution of both coherent and incoherent modal energies, including
attenuation and dispersion. The inhomogeneous medium’s scatter function density is modeled using
the Rayleigh-Born approximation to Green’s theorem to account for random fluctuations in both
density and compressibility caused by internal waves. The generalized waveguide extinction
theorem is applied to determine attenuation due to scattering from internal wave inhomogeneities.
Simulations for typical continental-shelf environments show that when internal wave height exceeds
the acoustic wavelength, the acoustic field becomes so randomized that the expected total intensity
is dominated by the field variance beyond moderate ranges. This leads to an effectively saturated
field that decays monotonically and no longer exhibits the periodic range-dependent modal
interference structure present in nonrandom waveguides. Three-dimensional scattering effects can
become important when the Fresnel width approaches and exceeds the cross-range coherence length
of the internal wave field. Density fluctuations caused by internal waves are found to noticably
affect acoustic transmission in certain Arctic environments. © 2005 Acoustical Society of
America. �DOI: 10.1121/1.1993107�

PACS number�s�: 43.30.Re �WLS� Pages: 3560–3574
I. INTRODUCTION

When an acoustic field propagates through a multimodal
waveguide, random variations in medium properties can
have a cumulative effect over range. This can drastically al-
ter the delicate modal interference structure of the incident
field, leading to significant randomization in the received
field. Here, we model the mean, variance, and total intensity
of the forward field propagated through an ocean waveguide
containing temporally and spatially random 3-D internal
waves using a general modal formulation described in Ref. 1.
This formulation is convenient because it takes into account
the accumulated effects of multiple forward scattering on the
mean and covariance of the forward propagated field. These
include coherent, partially coherent, and incoherent interac-
tions with the incident field, which lead to attenuation, dis-
persion, and exponential coefficients of field variance that
describe mode coupling induced by the medium’s inhomoge-
neities. An advantage of the formulation is that the first and
second moments of the forward field can be analytically ex-
pressed in terms of the first and second moments of the in-

homogeneous medium’s spatially varying scatter function
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density. These inhomogeneities can be arbitrarily large rela-
tive to the acoustic wavelength and have arbitrary compress-
ibility and density contrast from the surrounding medium.

Inhomogeneities arising from internal wave disturbances
typically have relatively small differences in density and
compressibility from the surrounding medium. A convenient
approach for modeling their scattering properties is to apply
the first-order Rayleigh-Born approximation to Green’s
theorem.2 Internal wave scattering properties are then ex-
pressed in terms of the statistical variations in compressibil-
ity and density caused by the disturbance. This requires
knowledge of the probability distributions of the compress-
ibility and density variations, which can be expressed in
terms of internal-wave wave number spectra. The first-order
Rayleigh-Born approximation leads to a purely real scatter
function that can directly account for scattering-induced dis-
persion in the mean forward field, but not attenuation, which
requires the imaginary part. Attenuation in the mean forward
field due to scattering is then determined from the waveguide
extinction theorem.3,4 The waveguide extinction theorem for

any given mode relates power loss in the forward azimuth to
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the total scattered power in all directions, which can be esti-
mated with high accuracy using the first-order Rayleigh-
Born approximation.

Following the trend of ever-increasing ocean utilization
has come a greater interest in developing models to help
understand and accurately predict the effect of internal wave
fields on underwater acoustic transmission through continen-
tal shelf environments. Significant fluctuations have been
observed5–7 and predicted8,9 in signal transmission. These
fluctuations lead to signal-dependent noise8 that can signifi-
cantly degrade sonar system performance. Since internal
waves in continental shelf environments often have large dis-
placements compared to the acoustic wavelength and large
slopes, standard perturbation theory methods for modeling
the effect of rough surface scattering10–13 on acoustic trans-
mission through an ocean waveguide may often be unsuit-
able. If the accumulated effects of multiple forward scatter-
ing on dispersion and field variance are important in acoustic
propagation through extended internal wave fields, ap-
proaches that neglect them10–13 may be inappropriate, as
noted in Ref. 14. It is possible that acoustic transmission
through such complicated environments may be seriously al-
tered by three-dimensional �3-D� scattering effects beyond
relatively short ranges. Two-dimensional models,6,13,15–17

2-D Monte-Carlo simulations,18 and adiabatic 3-D models19

may then also become unreliable.
The present formulation is advantageous because the

mean and variance of the acoustic field multiply forward
scattered through a 3-D random waveguide can be rapidly
obtained from the compact analytic expressions of Ref. 1,
given the mean and spatial covariance of the internal wave
displacement field, without restriction on internal wave am-
plitude or slope. It can be readily applied to solve a variety of
underwater remote sensing and communication problems in
continental shelf environments. This includes the detection
and localization of sources20,21 and targets by passive and
active sonar, as well as the estimation of biological,22,23

geological,24 and oceanographic parameters25 by seismoa-
coustic inverse methods.

We show that the accumulated effect of multiple forward
scattering through random internal wave fields typically must
be included to properly model the statistical moments of the
acoustic field forward propagated through continental shelf
environments. We also show that 3-D multiple scattering ef-
fects can become important in both the mean and variance of
the forward field. This is because, as the source-receiver
range increases, the Fresnel width of the forward field even-
tually exceeds the cross-range coherence length of the inter-
nal waves, making out-of-plane scattering important when
internal wave amplitudes exceed the acoustic wavelength
and slopes become higher. Out-of-plane scattering cannot be
accounted for in 2-D models. We illustrate this effect by
comparing the present 3-D model with a current standard
approach, which is to compute field moments by Monte-
Carlo simulations with the 2-D parabolic equation.

We show that the acoustic field moments are highly de-
pendent on both the rms displacements and coherence scales
of the 3-D internal waves. In a waveguide where the rms

internal wave height is small compared to the acoustic wave-

J. Acoust. Soc. Am., Vol. 118, No. 6, December 2005

ibution subject to ASA license or copyright; see http://acousticalsociety.org
length, the forward field remains coherent and exhibits the
range and depth-dependent structure expected from the co-
herent interference between waveguide modes. The moderate
dispersion and attenuation induced by multiple forward scat-
ter through the internal wave disturbances still noticeably
alters the mean field. Scattering in such a slightly random
waveguide may not be strong enough to make 3-D effects
noticable.

When the rms internal wave height becomes larger than
the acoustic wavelength, 3-D scattering effects become sig-
nificant. The field variance or incoherent intensity is found to
dominate the total intensity of the forward field beyond mod-
erate propagation ranges. This causes the acoustic field to
become fully saturated. In this case, the coherent modal in-
terference structure in range and depth is lost, and the inten-
sity of the forward field then decays monotonically. This
makes standard processing techniques that rely upon model
coherence, such as matched field processing and the
waveguide-invariant method26 for source range and depth lo-
calization, far less effective.

The effects on acoustic transmission of random density
fluctations in the medium due to internal waves are also
quantified. We show that internal-wave-induced density ef-
fects can significantly affect acoustic propagation in specific
environments, such as Arctic seas.

II. FORMULATION IN A TWO-LAYER WATER COLUMN

Internal waves in mid-latitude continental shelf environ-
ments often occur at the interface between warm water near
the sea surface and cooler water below.7,27,28 In high latitude,
the reverse is usually true where the cooler less dense water
above comes from recently melted ice. Here, we model the
internal wave field as disturbances propagating along the
boundary between strata in a two-layer water-column, as il-
lustrated in Fig. 1. Although many other internal wave mod-
els and parametrizations could have been used to implement
the general formulation of Ref. 1, the two-layer model is

FIG. 1. Geometry of mid-latitude Atlantic continental shelf and Arctic en-
vironments with two-layer water column of total depth Hw=100 m, and
upper layer depth of D=30 m. The bottom sediment half-space is composed
of sand. The internal wave disturbances have coherence length scales lx and
ly in the x and y directions, respectively, and are measured with positive
height h measured downward from the interface between the upper and
lower water layers.
chosen here because it clearly illustrates the fundamental
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physics of internal waves in a continental shelf environment.
This has made it probably the most frequently used model in
the literature.29–31 We focus on the baroclinic mode of the
internal wave, which has negligible displacement at the sea
surface.30 In the absence of internal waves, the boundary
separating the upper medium with density d1 and sound
speed c1 from the lower medium with density d2 and sound
speed c2 is at a constant depth. In the presence of internal
waves, a part of the lower medium protrudes into the upper
medium and a part of the upper medium protrudes into the
lower medium. We model protrusion of the lower medium
into the upper medium as a volumetric inhomogeneity that
scatters the sound field by Green’s theorem, and vice versa
for the lower medium.

To formulate the problem, we place the origin of the
coordinate system at the sea surface. The z axis points down-
ward and normal to the interface between horizontal strata.
The water depth is H and the boundary separating the upper
and lower medium is at depth z=D. Let coordinates of the
source be defined by r0= �0,0 ,z0�, and receiver coordinates
by r= �x ,0 ,z�. Spatial cylindrical �� ,� ,z� and spherical sys-
tems �r ,� ,�� are defined by x=r sin � cos �, y
=r sin � sin �, z=r cos �, and �=x2+y2. The horizontal and
vertical wave number components for the nth mode are, re-
spectively, �n=k sin �n and �n=k cos �n, where �n is the el-
evation angle of the mode measured from the z axis. Here,
0��n�� /2 so that the down- and upgoing plane wave
components of each mode will then have elevation angles �n

and �−�n, respectively. The corresponding vertical wave
number of the down- and upgoing components of the nth
mode are �n and −�n, respectively, where R��n�	0. The
wave number magnitude k equals the angular frequency 


divided by the sound speed c in the object layer so that k2

=�n
2+�n

2. The azimuth angle of the modal plane wave is de-
noted by �, where 0���2�. The geometry of spatial and
wave number coordinates is shown in Ref. 32.
random process in space, the internal wave displacement cor-
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A. Statistical description of internal waves

1. Joint spatial probability density of internal wave
displacement

The displacement h��t� of the internal wave boundary at
horizontal location �t, as illustrated in Fig. 1, can be modeled
as a Gaussian random process in space and time with mean
�h�, and variance �h

2= �h2�− �h�2. Since the baroclinic internal
wave displacement cannot penetrate the water surface or the
sea bottom, we limit unphysical tails of the probability den-
sity function by windowing h. The probability density func-
tion of the internal wave displacement is,

ph�h�

= 	T
1


2��h

e−�h − �h��2/2�h
2
, for �h� − h1 � h � �h� + h2,

0 elsewhere,
�

�1�

where T=1/ �P���h�+h2� /�h�− P���h�−h1� /�h�� is a normal-
ization constant, and P�b� is the cumulative distribution
function,

P�b� =
1


2�
�

−


b

e−m2/2 dm . �2�

Linear internal wave displacements are expected to follow a
zero-mean circular complex Gaussian random process by the
central limit theorem, given that they arise from the super-
position of many statistically independent sources in space
and time. The same model can also be used to describe non-
linear solitary internal waves in some cases when they are
incompletely evolved33 or broadly distributed in peak
amplitude.34 For nonlinear internal wave fields, nonzero
mean displacements and much larger standard deviations are
expected.

The joint probability density function of the internal
wave displacement at horizontal locations �t and �t� can be
expressed as
p„h��t�,h��t��… =
1

2��h��t�
�h��t���1 − �2�1/2exp
−

��h2��t��h��t��
2

− 2h��t�h��t����h��t�
�h��t�� + h2��t���h��t�

2 ��

2�h��t�
2 �

h��t��
2 �1 − �2� � , �3�
where � is the correlation coefficient defined as

� =
�h��t�h��t��� − �h��t���h��t���


���h��t��2� − ��h��t���2����h��t���
2� − ��h��t����

2�
. �4�

2. Linear internal wave field as a stationary random
process

For random internal wave fields that follow a stationary
relation function and standard deviation �h can be expressed
in terms of the internal wave spectrum G���. For instance,
the correlation function is

�h��t�h��t��� = Chh��t − �t��

=
1

�2��2�
0

2� �
0




G���ei�·��t−�t��� d� d� , �5�

where �= ��x ,�y�= �� cos � ,� sin �� is the internal-wave

wave number vector with magnitude � and azimuthal di-
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rection �. The internal wave height standard deviation �h

is defined by

�h
2 = Chh�0� , �6�

when �h�=0, as is the case for linear internal waves.
The internal wave disturbance has a horizontal coher-

ence area given by35

Ac =
�0

2��0

�Chh��,���2� d� d�

�Chh�0��2
, �7�

where �=�t−�t�=� cos �x+� sin �y, outside of which in-
ternal wave displacements can be assumed to be
uncorrelated.1 The corresponding coherence length scale
of the internal wave disturbance lc��� in any azimuthal
direction � is then given by

lc
2��� =

2�0

�Chh��,���2� d�

�Chh�0��2
. �8�

Here lc��� defines a coherence shape function for the inter-
nal wave disturbance that is determined as its wave number
spectrum spans the 2� azimuthal radians of �. The full co-
herence lengths lx and ly of the internal wave disturbance in
the x and y directions are then, respectively,

lx = lc�� = 0� + lc�� = �� �9�

and

ly = lc�� = �/2� + lc�� = 3�/2� . �10�

For an isotropic internal wave field, Eq. �5� reduces to

Chh��t − �t�� =
1

2�
�

0




G���J0����t − �t���� d� , �11�

since its wave number spectrum G��� is independent of the
azimuth angle �.

B. Scatter function of an internal wave inhomogeneity

To determine the plane wave scatter function of a coher-
ence volume of internal wave inhomogeneity, we apply
Green’s theorem,2

�s�r�r0� =��� �k2���rt���rt�r0�G�r�rt�

+ �d�rt� � ��rt�r0� · �G�r�rt��dVt, �12�

where �� is the fractional change in compressibility and �d is
the fractional change in density of the inhomogeneity cen-
tered at rt relative to the original medium, G�r �rt� is the free
space Green’s function, and ��rt �r0� is the total acoustic
field in the volume of inhomogeneity. To integrate Eq. �12�
analytically, we need to know the total field within the vol-
ume of the inhomogeneity. But this is the sum of the known
incident and unknown scattered field in the volume. In the
first-order Rayleigh-Born approximation, the total field in-
side the inhomogeneity is approximated by the incident field.
This is a good approximation when the scattered field within

the inhomogeneity is small compared to the incident field as
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it typically is when the fractional compressibility and density
changes are small, as they are in the present scenario.
Green’s theorem evaluated using the first-order Rayleigh-
Born approximation then provides a first-order estimate of
the scattered field from an inhomogeneity. From this we can
obtain a first-order estimate of the inhomogeneity’s plane
wave scatter function.

We first derive the plane wave scatter function for a
coherent volume of internal wave inhomogeneity centered at
horizontal location �s, where �t=�s+ut. For an incoming
plane wave in the direction ki= �k ,�i ,�i�= ��i ,�i� and scat-
tered plane wave in the direction k= �k ,� ,��= �� ,��, the
first-order scatter function of an internal wave inhomogene-
ity is

R�S�s
��,�,�i,�i�� =��

Ac

�
0

H k3

4�
����rt� + ��k,ki��d�rt��

�ei���i−��·ut+��i−��zt�d2ut dzt, �13�

by application of Green’s theorem, Eq. �12�, where

��k,ki� = �ki · k�/k2

= cos �i cos � + sin �i sin � cos��i − �� �14�

is the cosine of the angle between the incident and scattered
plane wave directions. The fractional changes in compress-
ibility and density depend on the displacement of the inho-
mogeneities at rt and are given by

���rt� = ��„h��t�,zt…

=
�1 − �2

�2
U�h��t� − �zt − D��U�zt − D�

+
�2 − �1

�1
U��zt − D� − h��t��U„− �zt − D�… , �15�

and

�d�rt� = �d„h��t�,zt…

=
d1 − d2

d1
U�h��t� − �zt − D��U�zt − D�

+
d2 − d1

d2
U��zt − D� − h��t��U„− �zt − D�… , �16�

where U is the unit step function.
The areal scatter function density s�s,zt

�� ,� ,�i ,�i� cen-
tered at ��s ,zt� is related to the scatter function
S�s

�� ,� ,�i ,�i� of Eq. �13� by

S�s
��,�,�i,�i� = Ac�

0

H

s�s,zt
��,�,�i,�i�ei��i−��zt dzt, �17�

where

s�s,zt
��,�,�i,�i�

=
1

Ac
��

A

k3

4�
����rt� + ��k,ki��d�rt��ei��i−��·ut d2ut. �18�
c
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1. Mean and correlation function of the scatter function density of internal wave inhomogeneities

The scatter function density s�s,zt
�� ,� ,�i ,�i� of Eq. �18� is a random variable since it depends on the internal wave

displacement h��t�. The mean of the scatter function density is

�s�s,zt
��,�,�i,�i�� =

1

Ac
��

Ac

�� k3

4�
����h��t�,zt� + ��k,ki��d�h��t�,zt��ph�h�dh�ei��i−��·ut d2ut

=
1

Ac
� k3

4�
����h��t�,zt� + ��k,ki��d�h��t�,zt�����

Ac

ei��i−��·ut d2ut. �19�

For two inhomogeneities centered at ��s ,zt� and ��s� ,zt��, respectively, the correlation of their scatter function densities is

�s�s,zt
��,�,�i,�i�s�s�,zt�

* ���,��,�i�,�i��� = 
 1

Ac
�2��

Ac

��
Ac�

ei���i−��·�t−��i�−���·�t��CFF��t − �t�,zt,zt��d
2ut d2ut�, �20�

where

CFF��t − �t�,zt,zt��

=�� 
 k3

4�
�2

���„h��t�,zt… + ��k,ki��d„h��t�,zt…����„h��t��,zt�… + ��k�,ki���d„h��t��,zt�…�p�h��t�,h��t���dh��t�dh��t�� , �21�
following the notation of Ref. 1, Appendix A.
The joint probability function p(h��t� ,h��t��) requires

the internal wave spectrum to be specified, as can be seen
from Eqs. �3�–�5�.

2. Isotropic internal waves

We must calculate the mean and spatial covariance of
the scatter function density s�s,zt

�� ,� ,�i ,�i� to determine the
forward field moments. This requires the internal wave spec-
trum defined in Eq. �5� to be specified. Following Refs. 18
and 6, we assume the internal waves follow the isotropic
Garret-Munk spectrum,

G��� = E0
2

�2


c

�2cg

2 − 
c
2

�4cg
2 , �22�

for the relatively high wave numbers of interest in our analy-
sis, where E0 is the average energy density that determines
the strength of the internal wave fluctuation, 
c is the
Coriolis frequency, which is roughly 1.16�10−5 Hz at 30°
lattitude, and cg�0.4 m/s is the phase speed of the
internal waves in the two-layer ocean, given by cg

2

=g���2−�1� /�2��D�H−D� /H�, where g is the gravitational
acceleration. The corresponding coherence radius lc��t�
= lc is then independent of azimuth.

In this paper, we focus our analysis on internal wave
fluctuations that occur within a measurement time scale T.
Within this time, only internal wave disturbances that occur
with frequencies that are larger than fmin=1/T or equiva-
lently have wave numbers larger than �min=2�fmin/cg

=2� /cgT can cause temporal fluctuation in the acoustic field.
From Eq. �22�, Eq. �8� and Eq. �7�, the coherence radius is
then lc=
2/�min, the x and y coherence lengths are lx= ly
 2 2
=2 2/�min, and the coherence area is Ac=�lc =2� /�min.
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As noted in Ref. 1, the cross-range coherence length ly

of internal wave inhomogeneities can be greater or less than
the Fresnel width YF�� ,�s��
���−�s��s /�, which depends
on the range � from source to receiver and the range �s from
source to the inhomogeneities. When ly �YF, decorrelation in
the cross-range occurs within the Fresnel width or active
region. But when ly �YF, internal wave inhomogeneities are
fully correlated across the active region. In this case, only the
portion of the coherence area AF within the Fresnel width is
important to forward scatter, where AF�Ac.

C. Statistical moments of the forward propagated
field

The mean field, variance, and expected total intensity of
the forward field propagated through the ocean waveguide
containing random internal waves can be expressed analyti-
cally using the formulation of Ref. 1. We assume that the
internal wave inhomogeneities obey a stationary random pro-
cess in range. For a source at r0= �0,0 ,z0� and a receiver at
r= �x ,0 ,z�, the mean forward field is given by Eq. �83� of
Ref. 1 as

��T�r�r0�� = �
n

�i
�n��r�r0�ei�0

��n��s�d�s, �23�

where

�i
�n��r�r0� = 4�

i

d�z0�
8�
e−i�/4un�z�un�z0�

ei�n�


�n�
�24�

is the incident field contribution from mode n, given no in-
homogeneities in the medium, un�z� is the modal amplitude
at depth z, and �n is the horizontal wave number change due
to multiple scattering from the inhomogeneities. The modal
horizontal wave number change is complex, and it leads to

both dispersion and attenuation in the mean forward field.
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The real part R��n� is the modal dispersion coefficient and
the imaginary part I��n� is the modal attenuation coefficient.

For the present case, where the random inhomogeneities
are due to internal waves,

�
0

�

�n��s�d�s = �
0

� 1

�n
��h�n,n,0,0��d�s, �25�

from Eq. �60� of Ref. 1, where

�h�m,n,�,�i�

= �
0

H 2�

k�zt�d�zt�
�Nm

�1�Nn
�1�eiR��m+�n�zts�s,zt

�� − �m,�;�n,�i�

− Nm
�2�Nn

�1�eiR�−�m+�n�zts�s,zt
��m,�;�n,�i�

− Nm
�1�Nn

�2�eiR��m−�n�zts�s,zt
�� − �m,�;� − �n,�i�

+ Nm
�2�Nn

�2�eiR�−�m−�n�zts�s,zt
��m,�;� − �n,�i��

�e−I��m+�n�zt dzt. �26�

As discussed in Sec. II B, substituting Eq. �18� into Eq.
�25� leads to a modal horizontal wave number change that is
purely real. This accounts for the dispersion, but not the at-
tenuation in the mean forward field due to scattering. The
modal attenuation coefficients I��m� will be derived in Sec.
II D from the waveguide extinction theorem.3

From Eq. �25�, we see that the modal dispersion coeffi-
cients depend on the expected scatter function density in the
forward azimuth. This is independent of the cross-range ex-
tent of the internal wave inhomogeneities, so the dispersion
coefficients are also range independent.
ent in this case.
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The variance of the forward field at the receiver can be
expressed by Eq. �84� of Ref. 1 as

Var„�T�r�r0�… = �
n

2�

d2�z0�
1

��n��
�un�z0��2�un�z��2

�e−2I��n�+�0
��n��s�d�s��e�0

��n��s�d�s − 1� ,

�27�

where �n is defined in Ref. 1 as the exponential coefficient
of modal field variance. The variance of the forward field
depends on the first- and second-order moments of the scat-
ter function density of the random medium. An analytic ex-
pression for �n for general surface and volume inhomogene-
ities is provided in Ref. 1.

For receiver ranges ��4ly
2 /�, where the internal wave

inhomogeneities are fully correlated within the Fresnel
width, from Eq. �74� of Ref. 1, we have

�
0

�

�n��s�d�s

= �
m

�
lx

�m

1

��m�
����h�m,n,0,0��2� − ���h�m,n,0,0���2� ,

�28�

and for receiver ranges ��4ly
2 /�, where the Fresnel width

exceeds the internal wave cross-range coherence length,
from Eq. �90� of Ref. 1, we have
�
0

�

�n��s�d�s = �
m

2
 lx

�m
�s

cor + Ac
 �

2��m
�sin−1
1 −

�s
cor

�
− sin−1
�s

cor

�
�� 1

��m�
����h�m,n,0,0��2� − ���h�m,n,0,0���2� ,

�29�
where �s
cor=� /2�1−
1−4ly

2 /���. These equations show
how the exponential coefficient of modal field variance
couples energy in incident mode n to all scattered modes
m after random multiple forward scattering through the
waveguide.

The mean forward field of Eq. �23� is also called the
coherent field, the magnitude square of which is proportional
to the coherent intensity. The variance of the forward field in
Eq. �27� provides a measure of the incoherent intensity. The
total intensity of the forward field is the sum of the coherent
and incoherent intensities. The coherent field tends to domi-
nate at short ranges from the source and in slightly random
media, while the incoherent field tends to dominate in highly
random media. It should be noted that in a nonrandom wave-
guide �n=0 so that the variance of the forward field is zero,
from Eq. �27�. This is expected since the field is fully coher-
D. Modal attenuation from generalized waveguide
extinction theorem

Attenuation or extinction of the forward field arises from
scattering by inhomogeneities and intrinsic absorption in the
medium. As mentioned in Secs. I and II C, the purely real
scatter function of Eq. �13� can only account for dispersion
due to scattering. In order to include attenuation in the mean
forward field, we apply the waveguide extinction theorem.3,4

The modal extinction cross section of an object, for incident
mode n, is the ratio of the extinction En or power loss caused
by the object to the incident intensity Ii,n,3,4

�n�x = 0� =
En�x = 0�r0�
Ii,n�zh�r0� · ix

, �30�

where ix is the propagation direction. The notation x=0

means that the medium’s intrinsic absorption is set to zero
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during the calculation, as described in Ref. 3, to properly
determine the extinction cross section of a given scatterer.

In a waveguide with random internal wave inhomogene-
ities, the modal attenuation coefficient I��n� can be be ex-
pressed in terms of the modal extinction cross section3

�n�x=0 �h� of the inhomogeneities as

I��n��s�� =
1

2Ac��s�
� 1

d�zh�
�n�x = 0�h��un�zh��2� , �31�

from Eq. �60� of Ref. 1 and Eq. �20� of Ref. 3, where the
expectation in Eq. �31� is taken over the height of the inter-
nal waves. Note that

Ac��s� = �AF, ly � YF��s�
Ac, ly � YF��s� ,

� �32�

is dependent on the range location �s of the inhomogeneity
within the Fresnel width from source to receiver, where AF is
defined in Sec. II B 2.

For nonabsorbing objects, the extinction Em caused by
the object is equal to the total scattered power Ws,n. By plac-
ing the object within a closed control surface, we can calcu-
late Ws,n as the total scattered power flux through the surface.
A general analytic expression for the total scattered power
flux from an object centered at depth zh within a closed cy-
lindrical control surface with a radius of x and height span-
ning the entire waveguide depth for incident mode n is pro-
vided by Eq. �16� of Ref. 3. We assume that the internal
wave elements remove power from the incident field by scat-
tering only so that intrinsic absorption losses from the inho-
mogeneities are negligible. This is a valid assumption since
the internal wave inhomogeneities do not lead to absorption
other than that already present in the medium. For a charac-
teristic internal wave inhomogeneity given height h, the total

FIG. 2. �a� Normalized spectrum of internal wave field over an observation
period of approximately 10 min with minimum wave number �min

=0.028 rad/m. The spectrum is computed using Eq. �22� with a �−2 depen-
dence at high frequencies. �b� Correlation function of the isotropic internal
wave field with a coherence length of 100 m. The correlation function was
obtained from the inverse Fourier transform of the internal wave spectrum
plotted in �a�.
scattered power flux is
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Ws,n�x�r0,h� = R� 1


d2�z0�
�un�z0��2

��n�x0
�
m=1



�m

��m�
Ac

2��s�

�e−2I��nx0+�mx��
0

2�

��h�m,n,�,0��2 d�� .

�33�

The x component of incident intensity from mode n on this
inhomogeneity is

FIG. 3. �a� Fresnel half-width for receiver ranges �=5 km and �=50 km.
The Fresnel width YF�� ,�s� is approximately equal to 
���−�s��s /�, where
� is the source-receiver separation and �s is the range from source to inho-
mogeneity. �b� The maximum Fresnel width YF,max=YF�� ,� /2�=
�� /2 as a
function of source-receiver separation �.

FIG. 4. Acoustic field intensity at 415 Hz as a function of range and depth
in the mid-latitude Atlantic continental shelf waveguide of Fig. 1, when
there are no internal waves present so that the waveguide is undisturbed.
The boundary between the warm and cool water is at the depth of 30 m from
the water surface in this static waveguide. The source is at 50 m depth with
source level 0 dB re 1 �Pa at 1 m. The acoustic intensity exhibits range- and
depth-dependent variations due to coherent interference between waveguide

modes.
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Ii,n�zt�r0� · ix =
2�


d2�z0�d�zh�
1

x0
�un�z0��2�un�zh��2

R��n
*�

��n�

�e−2I��n�x0, �34�

from Eq. �19� of Ref. 3. Following Eq. �30�, the modal ex-
tinction cross section of the internal wave inhomogeneity is
found from dividing Eq. �33� by Eq. �34� and setting x=0,

�n�x = 0�h� = R� 1

2�
d�zh�

1

�un�zh��2 �
m=1



�m

*

��m�R��n
*�

Ac
2��s�

��2�

��h�m,n,�,0��2 d�� . �35�

FIG. 5. Intensities of the �a� mean or coherent field, �b� variance or incoher
mid-latitude Atlantic continental shelf waveguide of Fig. 1 when there i
disturbances have a height standard deviation of �h=1 m and coherence leng
at 1 m. This medium is only slightly random and the total intensity in �c� is
depth-dependent variations due to coherent interference between waveguide
acoustic intensity as a function of range at a single receiver depth of 50 m fo
waveguide is also plotted.
0
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The attenuation coefficient of mode n due to scattering
in the random waveguide can then be found to be

I��n��s��

=
1

4�
Ac��s��

m=1




R� �m
*

��m�R��n
*�
�

0

2�

���h�m,n,�,0��2�d�� ,

�36�

by substituting Eq. �35� into Eq. �31�.

III. COMPUTING 2-D SPATIAL REALIZATIONS OF A
RANDOM INTERNAL WAVE FIELD

To compare statistical moments of the forward field

eld, and �c� the total field at 415 Hz as functions of range and depth in the
andom internal wave field present in the waveguide. The internal wave
f lx= ly =100 m. The source is at 50 m depth with source level 0 dB re 1 �Pa
inated by the coherent intensity out to 50 km range and exhibits range- and
es, similar to the static waveguide example in Fig. 4. Figure 5�d� shows the
fields shown in �a�–�c�. For a comparison, the acoustic intensity of the static
ent fi
s a r
ths o
dom
mod
r the
from the 3-D analytical formulation with Monte-Carlo simu-
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lations based on the 2-D parabolic equation, we must com-
pute spatial realizations of the internal wave height h�xt�. We
assume that the Gaussian random internal wave field h�xt� is
a stationary random process that follows the correlation
function shown in Fig. 2�b�. The Fourier transform of inter-
nal wave height h�xt� over a finite spatial window is then

H��� = �
−L/2

L/2

h�xt�e−i�xt dxt,

where H��� is a zero-mean Gaussian random process due to
its linear dependence on h�xt�. According to Parseval’s theo-
rem,

�h
2 �

1

L
�

L/2

L/2

��h�xt��2�dxt =
1

L
� ��H����2�d� , �37�

while, from Eq. �6�, �h
2=Chh�0�, so that ��H����2�

FIG. 6. Similar to Fig. 5, but for a waveguide with an internal wave heig
intensity in �c� is dominated by the variance or incoherent intensity beyond
of range at sufficiently long ranges since the field is now completely incohe
due to modal interference.
�LG���� /2�. As L becomes arbitrarily large, the delta-
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function correlation is achieved across the wave number do-
main,

�H���H����� �
G����

2�
��� − ��� , �38�

indicating that components of H��� with wave number sepa-
rations exceeding 2� /L are uncorrelated.

So, a random realization of the internal wave height
h�xt� can be computed as the inverse Fourier transform of
H��� under the assumption that the H��� are zero mean
Gaussian random variables that are uncorrelated when
sampled at wave number intervals of at least 2� /L and have
variance LG���� /2�.

IV. ILLUSTRATIVE EXAMPLES

Here we provide examples illustrating the dependence of

ndard deviation of �h=4 m. This medium is highly random and the total
1 km range. The total acoustic intensity decays monotonically as a function
nd the waveguide loses the coherent range- and depth-dependent variations
ht sta
the 1
rent a
acoustic field moments on internal wave parameters. We
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FIG. 7. Contributions of the waveguide modes to the depth-integrated total intensity of the forward field at �a� the source location, �b� 1 km, �c� 10 km, and
�d� 50 km ranges from the source for a source strength of 0 dB re 1 �Pa at 1 m. All values are absolute except those in �a�, which are normalized by the

maximum modal contribution.
FIG. 8. Acoustic intensity at a single receiver depth of 50 m in the presence of an internal wave field with coherence lengths lx= ly =50 m and height standard

deviations of �a� �h=1 m and �b� �h=4 m.
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FIG. 9. Effect of �a� including and �b� neglecting internal wave density fluctuations on acoustic transmission in an Arctic waveguide with geometry described
in Fig. 1. The internal wave field has coherence lengths of lx= ly =100 m and a height standard deviation of �h=4 m. The acoustic intensity is plotted as a
function of range for the source and receiver at 50 m depth.
FIG. 10. Comparison of intensities from 2-D Monte-Carlo simulations and 3-D analytical model at the single receiver depth of 50 m in the presence of an
internal wave field with height standard deviation of �h=1 m. A total of 1000 simulations were made using the parabolic equation to compute the 2-D Monte
Carlo field statistics. �a� Coherent field comparison, �b� incoherent field comparison, �c� total field comparison, �d� only the 2-D Monte-Carlo simulated

acoustic intensities of the coherent, incoherent, and total fields used in �a�–�c�.
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study random and isotropic internal waves in typical conti-
nental shelf environments. In Sec. IV A, we investigate the
effect of rms internal wave height and coherence length on
acoustic transmission in a typical mid-latitude Atlantic con-
tinental shelf waveguide. In Sec. IV B, the coherent, incoher-
ent, and total intensities of the forward acoustic field are
compared when density fluctuations due to internal waves
are first included and then neglected. We also compare our
3-D analytical model with 2-D Monte-Carlo simulations of
the forward propagated acoustic field in Sec. IV C.

We examine the effect of internal waves on acoustic
transmission over a measurement time period of approxi-
mately 10 min in our simulations. Over this time period,
internal wave disturbances with wave numbers larger than
�min=0.028 rad/m will undergo spatial-temporal variation.
The normalized power spectrum of the internal wave field is
shown in Fig. 2�a� and the correlation function in Fig. 2�b�.
The corresponding coherence length of the isotropic internal
waves is lx= ly =100 m from Fig. 2 and Eqs. �8�, �9�, and
�10�. The maximum Fresnel width 
�� /2 then exceeds the
cross-range coherence length for source-receiver separations

FIG. 11. Similar to Fig. 10, but for a waveguide wit
larger than 11 km, as shown in Fig. 3. These are the ranges
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FIG. 12. Total depth-integrated intensities for the waveguide used in Fig. 4.
The static case with no internal waves in the medium is compared to the 3-D
analytical model and 2-D Monte-Carlo simulations with internal wave
height standard deviations of �h=1 m and �h=4 m. The attenuation or
power loss due to scattering is most significant in the 3-D analytical model

for the highly random waveguide.
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where 3-D scattering effects can become pronounced when
internal wave displacements exceed the acoustic wavelength.

A. Mid-latitude Atlantic continental shelf
environment

Here, a water column of H=100 m depth is used to
simulate the geometry of a typical continental shelf environ-
ment, as shown in Fig. 1. The water column is comprised of
a warm upper layer with density d1=1024 kg/m3 and sound
speed c1=1520 m/s overlying a cool lower layer with den-
sity d2=1025 kg/m3 and sound speed c2=1500 m/s. The
bottom sediment half-space is composed of sand with den-
sity db=1.9 g/cm3 and sound speed cb=1700 m/s. The at-
tenuations in the water column and bottom are �=6
�10−5 dB/� and �b=0.8 dB/�, respectively. The 3-D inter-
nal wave field is assumed to propagate along the boundary
between the two layers at a depth of D=30 m from the sur-
face. The receiver and source with frequency 415 Hz and
source level of 0 dB re 1 �Pa at 1 m are both located at 50
m depth in the water column.

We consider two scenarios. In the first scenario, the in-
ternal wave disturbances have a height standard deviation of
�h=1 m that is smaller than the acoustic wavelength of �
=3.6 m. For the ranges considered, we find the acoustic field
to be slightly random. The internal wave spectrum has an
amplitude of approximately 2 m2/cph at �min for this ex-
ample. In the second scenario, the internal wave disturbances
have a height standard deviation of �h=4 m, which is
slightly larger than the acoustic wavelength. We find that the
acoustic field becomes highly random within a few kilome-
ters of the source. The internal wave spectrum has an ampli-
tude of approximately 30 m2/cph at �min in this case. The
internal wave correlation length and height standard devia-
tions modeled here are typical of those measured on the
Strataform area of the New Jersey continental shelf. For in-
stance, they would correspond to the disturbances shown as
Segment C of Fig. 24 in Ref. 7.

The acoustic field intensity is plotted as a function of
range and depth in Fig. 4 for the shallow water waveguide of
Fig. 1 when there are no internal waves present in the me-
dium. The waveguide is static and undisturbed by inhomo-
geneities in this case. The forward acoustic field is then fully
coherent, since the variance in the forward field is zero ev-
erywhere in the medium. The acoustic intensity exhibits a
range- and depth-dependent structure arising from coherent
interference between the waveguide modes. Figure 5 shows
the coherent, incoherent, and expected total intensity for the
slightly random waveguide. In this case, the incoherent in-
tensity is small compared to the coherent intensity even at
long ranges up to 50 km. The total field still maintains the
range- and depth-dependent structure due to modal interfer-
ence, but shows the effect of some moderate dispersion and
attenuation. The situation changes, however, in the highly
random waveguide, as shown in Fig. 6. The coherent inten-
sity decays rapidly as a function of range from the source
due to severe attenuation arising from internal wave scatter-
ing. The incoherent component dominates the expected total
intensity beyond the 11 km range, where 3-D scattering be-

gins to take effect. The expected total intensity eventually
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decays monotonically with range and no longer exhibits a
significant coherent modal interference structure in range and
depth beyond roughly 30 km in range.

The relative contributions of the waveguide modes to
the depth-integrated total intensity of the forward field at the
source location and at 1, 10, and 50 km range from the
source are shown in Fig. 7. There it can be seen that the
highly random waveguide redistributes modal energies far
more than the nonrandom waveguide and also has much less
energy across the modal spectrum.

We next investigate the dependence of the forward field
moments on the coherence lengths of the internal wave dis-
turbances by letting them decrease to lx= ly =50 m. Figures
8�a� and 8�b� show the coherent, incoherent, and total acous-
tic intensities for internal wave height standard deviations of
�h=1 m and �h=4 m, respectively. Comparing the coherent
field in Figs. 8�a� and 8�b� with Figs. 5�d� and 6�d�, we find
that attenuation due to scattering increases with increasing
coherence length, especially in the highly random wave-
guide. This can be explained by noting that in Eq. �36� the
attenuation coefficient is linearly related to the coherence
area since the second moment of scatter function density is
effectively independent of coherence area in the forward azi-
muth. The larger attenuation from multiple scattering leads to
lower coherent intensity. The level of incoherent intensity, on
the other hand, increases with increasing coherence area in
the highly random waveguide. This is expected, since in the
limiting case where the cross-range coherence length ex-
ceeds the Fresnel width, incoherent intensity arises from a
more multiplicative process of transmission through single
scatter shells decorrelated solely in range as in a 2-D mul-
tiple scattering scenario.37,38

B. Effect of internal wave density fluctuations on
acoustic transmission in an Arctic environment

Internal waves cause not only sound speed, but also den-
sity fluctuations in the water column that can sometimes af-
fect acoustic transmission statistics. Density effects are ex-
pected to be pronounced in deep estuaries such as Norwegian
Fjords, where “fresh river water tends to move seaward
above the heavier salt water29” before sufficient tidal motions
occur to cause mixing,29 and in the Arctic seas, where cold
fresh water near the melting temperature of ice flows above
warm and salty seawater.36

Here we give an example of acoustic propagation
though a 3-D linear internal wave field in an Arctic sea with
100 m water depth, as illustrated in Fig. 1. The interface
between the cold fresh water above with density d1

=1022 kg/m3 and sound speed c1=1433 m/s and the warm
salty water below with density d2=1028 kg/m3 and sound
speed c2=1443 m/s is also assumed to be at 30 m depth
from the sea surface.36 In Fig. 9, we determine the effect of
internal wave density fluctuations on the forward acoustic
field by including and then neglecting them in our calcula-
tions. Significant differences occur between these two cases
for both the coherent and incoherent field components. At-
tenuation due to scattering is reduced when density fluctua-
tions are included. This is because scattering from density

and compressibility inhomogeneities are exactly out of phase
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in the forward direction, as can be seen by substituting sound
speeds and densities for the two layers of the water column
into �� and �d in Eq. �18�. Internal wave density fluctuations
should then not be neglected in estimating acoustic transmis-
sion statistics in certain environments.

C. Comparison of 3-D analytic model with 2-D Monte-
Carlo simulations

Comparisons of the coherent, incoherent, and total
acoustic field intensity determined by our 3-D analytic model
and 2-D Monte-Carlo simulations using the parabolic equa-
tion for a slightly random waveguide with �h=1 m are illus-
trated in Figs. 10�a�, 10�b�, and 10�c�. The coherent, incoher-
ent, and total intensities calculated with the 3-D and 2-D
approaches match very well out to the 50 km ranges shown.
Both the 3-D and 2-D simulations agree on the moderate
dispersion, attenuation, and low variance or incoherent inten-
sity found at the longer ranges shown. This is a consequence
of the weak scattering found for rms internal wave displace-
ments, small compared to the acoustic wavelength. The situ-
ation changes, however, in a highly random waveguide,
where rms internal wave displacements exceed the acoustic
wavelength, with �h=4 m. As shown in Figs. 11�a�, 11�b�,
and 11�c�, the coherent and incoherent fields determined by
the two approaches show a reasonable match within 11 km,
where the cross-range coherence is larger than the Fresnel
width. This is the range within which the 2-D simulations are
expected to be valid. Beyond 11 km range, the 2-D Monte-
Carlo simulations of coherent and incoherent intensities are
far less attenuated than those of the 3-D model and the 2-D
coherent intensities are far less dispersed. This is because the
2-D parabolic equation cannot account for scattering of
acoustic energy out of the forward direction and subsequent
loss of coherence incurred by random cross-range variations
in the 3-D medium. Figures 10�d� and 11�d� show 2-D
Monte-Carlo simulations of the coherent, incoherent and to-
tal field for the slightly and highly random waveguides for
comparison with the 3-D model examples of Figs. 5�d� and
Fig. 6�d�.

The expected values of depth-integrated total intensity
for our 3-D model and 2-D Monte-Carlo simulations are
compared in Fig. 12. They decay with range as a result of
spreading, intrinsic absorption and the accumulated effect of
multiple forward scattering through internal wave inhomoge-
neities in the medium. In the slightly random waveguide, the
curves for the 3-D and 2-D models show close agreement
with each other and with the curve for the undisturbed wave-
guide, as expected, since scattering is weak. In the highly
random waveguide, the 3-D model shows far greater power
loss than the 2-D Monte-Carlo simulations. This is because
the 2-D model cannot account for the out-of-plane scattering
that must occur when the Fresnel width exceeds the cross-
range coherence length of the internal waves.

V. CONCLUSION

Statistical moments of the acoustic field forward propa-
gated through an ocean waveguide with random internal

waves are modeled with a normal mode formulation that
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accounts for 3-D multiple forward scattering through me-
dium inhomogeneities. The formulation analytically de-
scribes the accumulated effects of multiple forward scatter-
ing. These redistribute both coherent and incoherent modal
energy, including attenuation and dispersion. Calculations for
typical continental shelf environments show that the acoustic
field becomes effectively incoherent at typical operational
ranges when the rms internal wave height is on the order of
the acoustic wavelength. It is found that two-dimensional
models for the mean and variance of the acoustic field propa-
gated through a 3-D random internal wave field then become
inaccurate when the Fresnel width approaches and exceeds
the cross-range coherence length of the internal wave field.
Density fluctuations caused by internal waves may have a
non-negligible effect on acoustic transmission in certain con-
tinental shelf environments, such as in Arctic seas.
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